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Abstract 

In this paper we investigate a kind of generalized Ricci flow which pos- 
sesses a gradient form. We study the monotonicity of the given function 
under the generalized Ricci flow and prove that the related system of par- 
tial differential equations are strictly and uniformly parabolic. Based on 
this, we show that the generalized Ricci flow defined on a n-dimensional 
^ , compact Riemannian manifold admits a unique short-time smooth solu- 

te. , tion. Moreover, we also derive the evolution equations for the curvatures, 
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which play an important role in our future study. 
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^ ■ 1 Introduction 

5-H 



In the early eighties R. Hamilton introduced the Ricci flow to construct canon- 
ical metrics for some manifolds. Since then many mathematicians, including 
Hamilton, Yau, Pcrelman and others, developed many tools and techniques to 
study the Ricci flow. The latest developments confirmed that the Ricci flow 
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approach is very powerful in the study of three-manifolds. In fact, a complete 
proof of Poincare's conjecture and Thurston's geometrization conjecture has 
been offered in Cao-Zhu's paper [3] and others after Perelman's breakthrough. 
It is useful to observe that, in Perelman's work [TU], a key step is to introduce 
a functional for a metric g and a function / on a manifold M 



W(g,f) 



f d 3 x^g-e-f(R+\\7ff 
Jm 3 



The variation of this functional generates a gradient flow which is a system of 
partial differential equations 

g ij = -2{R ij + V i V j f), 

f = -(R + Af). 

If we fix a measure for the conformal class of metrics e' ds 1 of a metric, i.e., 
let dm — e~fdV be fixed, then we get back to the original Ricci flow after we 
apply a transformation of diffeomorphism generated by the vector field V,/ to 
the metric. In this way, we express the Ricci flow as a gradient flow. Dynamics 
of a gradient flow is much easier to handle. The functional generating the flow 
gives a monotone functional along the orbit of the flow automatically. If the 
flow exists for all time, then it shall flow to a critical point which leads to the 
existence of a canonical metric. Even for a flow which does not exist for all 
time, the generating functional helps very much in the analysis of singularities. 
Perelman's above idea came from physics. Ricci flow arises as the first order 
approximation of the renormalization flow of a sigma model. Since there are 
many kinds of sigma models, it would be interesting to try some other models. 
Indeed such a generalization was made by physicists in |llj . For a three-manifold 
M 3 , they proposed to add a U(l) gauge field with potential I-form A and 
field strength F which are coupled as a Maxwell- Chern-Simons theory. The 
corresponding action given by [6] or [5] reads 

S= I d 3 x^/ge- f (-x + R+\yf\ 2 )~ \e~ f HA*H -e~ f FA*F. 
Jm 2 



The U(l) gauge field A is a one-form potential whose field strength F = dA. 
The Wess-Zumino field B is a two- form potential whose field strength H = dB, 
/ is a dilaton. In their paper, they find that Thurston's eight geometries appear 
as critical points of the above functional. Furthermore they show that there 
are no other critical points. So basically critical points of the above functional 
are eight geometries of Thurston. They also propose to study the gradient flow 
of the functional S as a generalization of the Ricci flow. Unfortunately, they 
modify the gradient flow in a way to change sign for the variable of gauge fields. 
Although the modified flow shares the same set of critical points they lost the 
important monotone property (along an orbit). 

In addition, we are also able to consider a flow for a similar functional for a 
four-dimension manifold 

Si= I d A Xyfge- f {x + R+ |V/| 2 ) - \e~ f H A *H - e - f F A*F+^FAF 

where e is the Euler number e(rf) of the bundle r\. The corresponding flow is 
given by 



°9iJ_ _ _orD.. _i_V7.V7.-f _ -11 

t 
dB, 



-J* = -2[ RlJ + V. V 3 -/ - - A H iM H^ - F t "F jk [, 



Ot 



= e*V h (e-fH k i X 



^i = _ e / Vfe (e-/i^), 

g = X - 2R - 3A/ + | V/| 2 + iff 2 + *-F\ 

The generalization to four-manifolds is probably more interesting. It may 
offer a systematic way to study four-manifolds. 

The success of studying three-manifolds relies on a program proposed by 
Thurston, i.e., his geometrization conjecture. He conjectures and proves for 
several large classes of three-manifolds, that every three-manifold can be decom- 
posed into pieces of three-manifolds of canonical metrics, i.e., those manifolds 
carrying one of the eight geometries of Thurston. 

For four-dimension manifolds the critical points of S\ might play a similar 
role as building blocks of smooth four-dimension manifolds. It would be inter- 



esting to study those critical points and to study what other four manifolds one 
can get by performing surgeries and gluing on those manifolds. We shall address 
this problem in the future. 

As a first step, we shall show that the flow does exist. We shall also prove that 
the modified system of partial differential equations are strictly and uniformly 
parabolic. 

The paper is organized as follows. Section 2 is devoted to the proof of local 
existences and uniqueness. In section 3 we study the monotonicity of S under 
the modified flow. In Section 4 we investigate the equations for the critical 
points of S and point out that fields F and H do not provide any help for the 
case of compact manifold but maybe play an important role for the noncompact 
case. In Section 5, we derive the evolution equations for the curvatures, which 
play an important role in our future study. 

2 Local Existences and Uniqueness 

In this section, we mainly establish the short-time existence and uniqueness 
result for the gradient flow ([6]) , (|7|) and (JSJ on a compact 3-dimensional manifold 
M. It is known that the gradient flow ([5]), © and (J5J) is a system of second 
order nonlinear weakly parabolic partial differential equations. By the proof of 
the local existence and uniqueness of the Ricci flow (for example see [3] [4] , ) , 
we can obtain a modified evolution equations by the diffcomorphism ip of M, 
which is a strictly parabolic system. Then, by the standard theory of parabolic 
equations, the modified evolution equations has a uniqueness solution. 

Let us choose a normal coordinate {x 1 } around a fixed point x S M such 

OQ ' 

that — -y- = and giAp) = fc. 
ax K 

Theorem 2.1 (Local existences and uniqueness) Let (M,gij(x)) be a three- 
dimensional compact Riemannian manifold. Then there exists a constant T > 



such that the evolution equations 

= -2[R ij -jH ikl H j kl -F i k F jk ], 



9 9i£_ oro.. 1h 

dt 



^i = _ Vfc F fe , (1) 

dt k l ' 

ftas a unique smooth solution on M x [0,T) /or every initial fields. 

Lemma 2.1 For eac/i gauge equivalent class of a gauge field A, there exists an 
A' such that d(*X) = 0. 

The lemma can be proved by the Hodge decomposition. 
Proof. For each one-form A, by the Hodge decomposition, there exists an 
one- form Aq, a function a and a two-form /3 such that 

A = A + da + d*f3 7 

dA Q = 0, d*A Q = 0. 

Let A' = A — da. A' is in the same gauge equivalent class of A. Since d(*Ao) = 
0, d(*d*f3) = 0, then we have d(*A') =0. □ 

Lemma 2.2 The differential operator of the right hand of (?1) with respect to 
the gauge equivalent class of a gauge field A is uniformly elliptic. 

Proof. Let A = Aidx 1 be a gauge field. By Lemma 4.1 we can choose an A 

in the gauge equivalent class of A such that d(*A ) = 0. We still denote A' as 

3 B 2 Ab 
A . Since d(*A) = 0, we have dd*A = 0, then Y] „ * = 0, V i = 1, • • • , 3. 

fc=1 ax k ax l 

dAj dAj 

dx l dxi 



Noting that F = dA and F„ = -^-f - -^— , We have 



— = -V fe F fc = -V k (9 kl Fa) = g kl ( d —. - — ) = /' d " A . 
dt dx k dx l dx k dx l dx k dx l 

The right hand side of above equation is clearly elliptic at point x. If we apply 

a diffcomorphism to the metric it won't change the positivity property of the 

second order operator of the right hand side. □ 

Now let us consider the equation for Bij . 



Lemma 2.3 For each gauge equivalent class of a B- field B, i.e., a two- form B 
on M , there exists a B such that d{*B ) = 0. 

Proof. Again we use the Hodge decomposition. For a two- form B, there exist 
a one-form a, a two-form Bq and a three-form /3 such that 

B = B Q + da + d*P, 

dB = 0,d*B o = 0. 

Let B = B — da. Since B is in the same gauge equivalent class of B, we 
have d(*B') = 0. □ 

Lemma 2.4 The differential operator of the right hand side of {3[) with respect 
to the gauge equivalent class of a B -field B is uniformly elliptic. 



Proof. Let us consider the equation for 5-field. Without loss of generality, we 
assume d(*B) = 
!,•■• ,3. We have 



assume d(*B) = 0. Thus dd*B = 0. Then £ ( J^j + |^f) = °> V M 



dBa „ „ k kl d 2 B id d 2 Bji d 2 B H kl d 2 B id 



V k H k rj =g kl ( 



dt y dx k dx l dx k dx l dx k dxi dx k dx l 

The right hand side is clearly elliptic at the point x. If we apply a diffeomorphism 
to the metric it does not change the positivity property of the second order 
operator of the right hand side. □ 

Suppose §ij(x,t) is a solution of the equations (P), and ip t : M — > M is a 
family of diffcomorphisms of M. Let 

gij{x,t) = (p$gij(x,t), 

where ip\ is the pull-back operator of iff We now want to find the evolution 
equations for the metric gij(x,t). 
Denote 

y(x, t) = ip t (x) = {y 1 (x, t), y 2 (x,t),--- , y n (x, t)} 

in local coordinates. Then 

dy a dy 

6 



and 



d . , 9 

di 9 ^ t] = di 






9y a dyP d A . <9y Q 5y^ <9y 7 d „ . . 



dx 1 dxi dV 



dx 1 dxi dt dip 






Since 

<9y Q ch/' 3 <9y 7 9 
'dx T 'dx3~dt^fi 



lap 



dy a dyP dy 1 d dx k dx 



-9ki 



dx i dxi dt yKl dy'y v dy a dyl 3 



r) 



dt/' 3 <9 2 x fc <9y Q 

<9i dy a dyP dx 1 

rk = dy^dy^dx^^ 



■9jk + 



dy a d 2 x k dy 13 
dt dy a dy@ dxi 

•2„,a 



-Jik 



dx d y 



jl dxi dx 1 dy-y ali dy a dxWx 1 ' 



then 



9y Q 9y /3 



H ap sH 



P s _ 



HikiH 



ki 



dy a dy 13 



dx 1 dxi " p " P srei ^ dx 1 dxi 

Therefore, in the normal coordinate, wc have 



FJ>F, 



0p 



F % k F ]k 



d_ 
di 



d dy a dyP dx k dx 1 dy a d dy^ dx k dx 1 dy a d dx k 
fffaW) = foi^~dt'~dri 9kl dy* dy? + dxi dxi { ~bT> 9kl dy<* dy? + ~dt^&y^ )9jk 



dy 13 d dx k dy a dy 13 

~dTdx^^diJi 3 ' 9lk + ltef~dxi 



P s 



-2(R a p - -HapsHpf - F a p Fi3 p ) 



9 M^)m + #t(^S)^ ~ ^ + U kl H- + 2F k F 



dx 1 dt dy a ' 



dxi dt dyP ' 



dy a dx dv dx 

2Rij + V,^— g jk ) + Vj-C-^-^ffla 



dt dy 
If we define y(x,t) = <pt(%) by the equations 



dt dyP 



TT TT kl 



Jk 



"ok 



dt ~ dx k[9 v* » )h 



(2) 



y a (x,0) = x a 

and Vi = g%kg^ l (Pu ~ f^), we get the following evolution equations for the 
pull-back metric 



^9ij{x, t) = -2Rij + VM + VjV t + ]^H m H kl + 2F Z k F jk , 
gij(x,0) =9ij(x), 



(3) 



where gij(x) is the initial metric and f^ is the connection of the initial metric. 
The initial value problem ^ can be rewritten as 



dy a iU d 2 y a r dy p dy 1 hn 9y°- t , 



^^(W^ + ^^r? 



St ~ a y dxidx l dxi dx l M dx k jl 

y a (x,0) =x a . 

Equation ([4]) is clearly a strictly parabolic system. Then, we have 



(4) 



5 / x d 



Of 



d.v 

d.v 



? fci d 9kl 
dxi 



dx k 



dgji , dgu dgij 



ki/^-yj L ^ ij't/t 



dx l dxi dx l 



r, „PQ 1 Jfcm C ^gmq ggrog ^gpg ■ 



dxP 



dx q dx m ' 



d \(n nP qi n kmt d 9mq , dg mp dg pq 



dxP 



dx* dx ^\ + 2 HmH i +2F * Fjk 



9 



ki d 9ij 



H ikl H- kl + 2F i k F jk 



dx k dx l 2 ""'J 
As a result, from the original equations, we can obtain 

uOM) _ u d 2 g lj 1 
dt y dx k dx l 2 



H m H kl + 2F„ k F, 



j'fc, 



9A 

"at 
as 



.,£/ 



a 2 a, 

dx k dx l 



I at 



Q2 r> 



dx k dx l 



Let 



Wl = .911, U 2 = .912, "3 = .913, U 4 — 322, «5 = 523, "6 = .933, 

u-i = Ai,ug = A 2 ,u 9 = A 3 ,u w = B 12 ,uu = B 13 ,ui 2 
The above equations can be rewritten as the following form 



Bn 



;+(\ower order terms) (k, I = 1,2, 3; i,j = 1, 2, • • • , 12), 



dui y^ ^ 

jkl 

in which 

aikji = g kl (j = i), a,ikji = 0(j^i) (i = 1, • • • , 12), 
For arbitrary £ € R 4x11 \ {0}, we have 



(5) 



Summarize the above discussions, we have the following lemma. 



Lemma 2.5 The differential operator of the right hand side of ^ with respect 
to the metric g is uniformly elliptic. 

Proof of Theorem 4.1. Noting Lemmas 4.2, 4.4, 4.5 and the compactness 
property of M, and using the standard theorem of partial differential equa- 
tions (see pp, [2], [2]), we can immediately obtain the local existence of smooth 
solution of the modified system ([5]) with the initial value 

9ij(x,0) = gtj(x), Ai(x,0) = Ai(x), Bij(x,0) = Bij(x). 

In turn the solution of the gradient flow ([!} can be obtained from (UJ) (or @). 
The proof of the existence of smooth solution is completed. 

Now we argue the uniqueness of the solution of the gradient flow ([l} . 

By Lemma 4.2, 4.4 and the standard theorem of partial differential equations, 
we can obtain the uniqueness of A and B . For any two solutions g\ ■ and g\ ■ 
of the gradient flow ([T]) with the same initial data, we can solve the initial value 
problem ([4| (or (J5J)) to get two families ip^ and tp^ of diffeomorphisms of M. 
Thus we get two solutions 

to the modified evolution (|3J) equations with the same initial value gij(x,0) = 
cjij(x). The uniqueness result for the strictly parabolic equation implies that 
9ij = 9ij ■ Since the initial value problem Q is clearly a strictly parabolic sys- 
tem, the corresponding solutions tp^ 1 ' and ip^ 2 ' of ^ must agree. Consequently, 
the metrics g\j and g\j must agree also. Thus, we have proved Theorem. □ 

Remark 2.1 we are also able to consider a flow for a similar functional for a 
four- dimension manifold 

Si= I d 4 Xyfge- f (x + R + 4\V<j)\ 2 )-^fe~ f H/\*H-e F e- f FA*F+^FAF 
Jm 2 2 

where e is the Euler number e(rj) of the bundle rj. The corresponding flow is 



given by 



[j = -2[R tj + V,V,-/ - -H^Hf 1 - F t k F jk ], 



at 

dt 



>JV h {e-tH*), 



™L = -efV h (e-tF i *) 1 

^= x -2R-3Af+ |V/| 2 + iff 2 + V. 
By the same argument, we can obtain the same results in section 3-4- 



3 The Monotonicity Formula 



Let M be a ?i-dimensional compact Riemannian manifold with metric gij , the 
Lcvi-Civita connection is given by the Christoffcl symbols 

1 u \ d 9 3 i . dgu dg i:j ' 



ij 2 9 \ dx l ' dxi dx l 



where (g lJ ) is the inverse of (gij). The Riemannian curvature tensors read 



T)k 

K ijl ~ 



dT dT k 

' T ip TP il ~ T jp r ti> R ijkl = 9k P Rl 



dx l dxi 
The Ricci tensor is the contraction 



ijl' 



R 



i k 



g jl Rijki 



and the scalar curvature is 



R = g l3 Ri 



For each field we shall consider the gauge equivalent classes of fields. Two 
metrics g\ , 172 are in the same equivalent class if and only if they are differ 
by a diffeomorphism, i.e., there exists a diffcomorphism / : M — > M such that 
g-2 = /* 51 • Two gauge fields A\ and Ai are equivalent if and only if there exists a 
function a on M such that A2 = A\ +da. Two i?-fields B\ and Bi are equivalent 
if and only if there exists an one-form /? on M such that B 2 = B\ + dj3. 
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From the first variation of S, we can obtain the flow equations 



f 1? = ~ m > + VlVj/ ~ \ HmH i kl ~ ^ kF > k 



at 

g = X - 2i? - 3A/ + | V/| 2 + itf 2 + \f\ 

If <^ t is a one-parameter group of diffeomorphisms generated by a vector field 
V/, we have 



<9i 



1 



-2(J2y - jHikiH/ 1 - FikFj"), 



-£ = -^^ k + £;^fA k ), 



at 



dx l 



dt 

Let A = A — d/3 where 



i =^^% + ^fB k3 ) + ^-(^fB lk ). 



dx l 



Ox? 



lit 



V k fA k , then F = F and 



dt 



-V fc F, 



<9w,; 



Similarly, let B = B + dcu where ^—^ = \7 k fBi k , then 

at 



dt 



V fe (#U 



Because A and A (i? and i?) are in the same gauge equivalent class, we still 
denote A (B) as A (B). Now we consider the flow equation 



"9ij _ /tj Iff TT kl TTi 771 k\ 

— - -2{Hij - -^imilj - t ik b 6 ), 
dA 

at 



dt 



= -V fe F>, 



(6) 

(7) 

(8) 
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Theorem 3.1 Let gij, Ai, Bij and f evolve according to the coupled flow 



' dgjj 

dt 
dB tJ 

dAj 



O r T? TJ TJ kl T? k TP 1 

-Z[Kij — -li ik ilij — t i £j k \. 



V k H%, 



= -v fe ^ fc , 



Then 

dS_ 
~dt ~ 



d -±= x -2R- 3A/ + 2|V/| 2 + \h 2 + \ F 2 . 



(-X + R- |V/| 2 + 2A/ - ±-H 2 - l-F 2 ) 2 + 2(R ij + ViVjf - -H lkl H, kl - F t k F jk ) 2 



12 



2{V k F t k - ^ fc V fc /) 2 + \{V k H k ^ - H k ^ k f) 2 



- f dV. 



In particular S is nondecreasing in time and the monotonicity is strict unless 
we are on the critical points. 



Proof. 

dS_ _ 
dt ~ 



1 «%j dj\ 

'2 g dt dt' 



d'x^ge-^y^ £)(-* + R + 2A/ - |V/| 2 - ^-H 2 -F 2 ) 



1 
12" 



+ J tPxrfe-f^i-Rij - V,-V 3 -/ + \H M H* + F i k F, 

/r)A 
< £ i x^ge-f-^(-2'S7 k (F i k e-f)ef) 



^(l^(H%e-f)ef) 



= J(Af - |V/| 2 )(- X + R- |V/| 2 + 2A/ - ±H 2 - l -F 2 )e-fdV 
+ f[-X + R- IV/I 2 + 2A/ - ^H 2 - ±F 2 ] 2 e-fdV 
+ J 2(R ij + ViV,-/ - \H lk iH kl - FikF^fe-fdV 
+ J -2V i V i /(ii ij + ViV,-/ - \HmHM - F^F^e^dV 
+ J 2(V fe F 4 fc - F 4 fe V fe /) 2 e-^^ + /" i(V fc ff* y - H%\7 k f) 2 e~fdV 
+ J 2F i fc V fe /(V fc F, fc - F, fe V fc /) e "^ + j ±H%V k f(\7 k H% - H%\7 k f)e~fdV. 

By the similar argument of Ricci flow, we have 

J{&f-\Vf\ 2 ){R-\Vf\ 2 + 2A.f)e-UV = 2jv i V, j f{V l V J f + R l] )e- f dV. 
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And noting the following properties 

V m Fy + VjF mi + ViF jm = 0, 

we have 

|(A/ - |V/| 2 )(- X - ^H 2 l -F*)e-fdV 

= JgV&iVjf - VJV,/)(- X - -^H 2 - ^F 2 )e~ f dV 

= Jg ij V i fV j ( X + -^H 2 + l -F 2 )e~fdV 

= / g^Vifi^VjHpMH^ 1 + V 3 F kl F M )e-JdV 

= J g^ifi^pHjki + V k H pjl + V l H pkj )H pkl + (-V fc Fy - ViF ]k )F kl )e- f dV 

= / ' g ij Vif(^V P H jkl HP kl + 2V k F, jl F kl )e-UV 

= f{-\g l ^ 1 N l JH 3kl H pkl - 2g ij V k V i fF jl F kl )e- f dV 

+ J ^H jkl WJ(-W p H pkl + W p fHP kl )e- f dV + J 2g ij V i fF jl (V k fF kl - V k F M )e~ f dV 
= J 2V i V j f(-±H ikl H j kl - F ik F k )e~ f dV + J ^ k fH%(H%\7 p f - \7 p H p tJ ) e - < dV 

+ J 2V k fF l k (F l k W k f - V fe F, k )e~fdV. 

Combining with the above argument, we finish the proof. 

Let u = e~f be the lowest eigenfunction of the Schrodinger operator, i.e. 

(R H 2 - -F 2 - 4A)u = Am, 

v 12 2 ' 



R--^H 2 -±F 2 + 2Af-\V.f\ 2 =\. 
It minimizes the functional 



S{g,A,B,f)= [ dVe- f /' 2 (R- ^-H 2 -^-F 2 -4A)e- f/2 / f e~ f dV. 
Jm 12 2 J M 
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We have a new functional 

X(g, A, B) = inf {fl j m e -fdv=i}S(g, A, B, f). 
Let A(t) = X(g(t),A(t),B(t)), we have 

We have then (see also [3]): 

1) A(i) is monotone, i.e. }. ' > 0. 

2) Critical points of (*) are the same as critical points of A. 

4 Critical points 

Consider the functional 

S= I d 3 Xyfge- f (-x + R+\Vf\ 2 )--e- f H f\*H-e- f F/\*F 

Jm 2 (g) 

= Jd 3 x^e-f(-x + R+\Vf\ 2 -^H 2 -F 2 ). 
Its first variation can be expressed as follows 

5S = J d\^e-f{ l -^5g l3 - Sf)(- X + R + 2A/ - |V./f - ±H 2 - l -F 2 ) 
+ J fay/He-* Sgai-Rij - ViV,-/ + \n iki U kl + F i k F jk ) 

+ J d 3 x^e-f5A l {-2^ k {F l k e- f )e f ) + 5B. l0 {]^ k {H k lJ e-f)ef). 

(10) 
The C/(l) gauge field A is a one-form potential whose field strength F = dA. The 
Wess-Zumino field B is a two-form potential whose field strength H = dB, r\ is 
the volume form, / is a dilaton. And in 3-dimcnsion manifold, the field strength 
is proportional to the Levi-Civita tensor H^ up = H{x)rj^ upi where H{x) is a 
scalar field and rf vp = e A " yp /y / g is the completely skewsymmetric Levi-Civita 
tensor. Therefore, the critical points satisfy the following equations 

Rij + ViVj-/ - \a lk iB kl - F i k F. jk = 0, (11) 

14 



V k (F l k e-f) = 0, (12) 

V k {H%e-t) = 0, (13) 

- X + R + 2A.f-\Vf\ 2 -^H 2 -^F 2 = 0. (14) 

Suppose M is a compact Ricmannian manifold. From (1121) and (1131) . we can 
obtain F = H = at the critical points of the general Ricci flow on M. In fact, 

/ F 2 e- f dV= I F lJ F ije - f dV= f F ij {ViAj -V jA^e' 1 dV 
Jm Jm Jm 

= 2 / F ij X/iA e- f dV = -2 / S7i{F ij e- f )AjdV = 0, 

/ H 2 e~ f dV= [ H^ k H ijk e- f dV= ( H ijk (V k Bij + V i B jk + V j B ki ) e - f dV 
Jm Jm jm 

= 3 / H ijk ViB jk e- f dV = -3 f V l {H ljk e- f )B jk dV = Q. 

JM JM 

Remark: Although the fields F and H do not provide any help in the study 
of critical points of general Ricci flow for compact Ricmannian manifold, they 
maybe play an important role for the noncompact case. 

5 Evolution of Curvatures 

By virtue of the curvature tensor evolution equations of the Ricci flow, we can 
obtain the curvature tensor evolution equations under the gradient flow (JXJ) . Let 
us choose a normal coordinate system {x 1 } around a fixed point x G M such 

UQ ' ' 

that —^ = and # y (p) = <%. 

Theorem 5.1 Under the gradient flow Q), the curvature tensor satisfies the 
evolution equation 
d 

T^Rijkl = ARijkl + 2(Bijk.l — Bijlk — Bujk + Bikjl) — g Pq (RpjklRqi + RipklRqj + RijplRqk + RijkpRql) 



A [V i V l {H kpq H/ q ) - VrfkiHjpqH™) - VjViiHkpgH^) + VjVkiHipqH™)} 



1 
4 

_ Tnn/rr tt pq p \ II TJ PQ Tf ) 



+ ViVi(F k p F jp ) - ViV k (Fj p F lp ) - VjViiFfFip) + V^ k {F % p F lp ) 

T y \ k rnp-t-Hjni n^ ± rn tp^Hjkn ) ? 
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where Bijki = g pr g qs Rpiqj Rrksi and A is the Laplacian with respect to the evolv- 
ing metric. 



Proof. At the point x € M, which we has chosen a normal coordinate system 

dgtj 



such that 



d 



dx k 



0, we compute 



13 
dt jl 2dt 9 



In i) 



dg m .i , dg 
dxi 



"I j 



d 9. 



ji 



^n h = — (—Y h 

dt ijl dx i \dt jl 



dx l dx 1 
dxi \dt a 



2 9 



^hrti 



d dg. 



ml 



d .dg 



d .dg t 



•ji. 






9a;J v St 



9x z dt 



dx mK dt 



1 



hp qm u ilpq 



:9 '9 



dg pq ( d 2 g m i d 2 g m] d 2 gji 



dt \ dx l dx 3 dx l dx l dx l dx m 



1 u„ „™ dg pq ( d 2 g m i d 2 g mi d 2 g a 



h P gm u ypq 
2 y y dt \dxidx 



1 



if- 



dg 



in.) 



= 2 9 



dx l dx l \ dt 
d 2 f dg m 
dt 



if 



dg n 



9 



dx l dx l 

•q 
dt "W ' 



dxidx 1 dxidx m 

d 2 fdgjA 
dx l dx m V dt J dx^dx 1 \ dt 
d 2 SdgjA _ d 2 ( dg m , 
dx l dx m \ dt J dx^dx 1 \ dt 



d 2 fdgu 
dx^dx m V dt 



i) 2 



dxi dx m 



dgu 
dt 



hp V9pq r,q 



-Q t R vki - gi R iji9kh + Riji-Q t gkh 



l 

~~ 2 
then we have 



d 2 (8g kj ^ _ d 2 fdg^ _ d 2 (dg 



l R ° 2 R 

dt ijkl ~ dx*dx k jl 



dx l dx l \ dt J dx l dx k 

_d 2 
d 2 



ki 



dx l dx l 



r, 



d 2 



kj 



dx l dx l 
d 2 



(H kpq H pq )- 



dxidx 1 

d 2 



Rki 



dxidx 1 \ dt 
92 R 



d 2 



dxi dx k 



dgu 
dt 



dxidx k 



d 2 



(H H pq ) - 
dx i dx kK m l ' dx>dx l 



{H kPq Hn 



o 2 



dxi Q x k 



{H iPq Hn 



() 



+ dxldxl ^" F ^ dx*dx k ^/^ dxidx 1 W F *> + dx o dx k ^ PF ^ 
= h + \h+h- 
By the identity (see [3]) 

ViV k Rjl - VtflRjk - Vj VkRii + VjVlRik 
= ARijM + 2(Bijki — Bijik — Bujk + Bikji) — g pq (R P jkiR q i + R% P kiR q j) 



and 



VjVfc-R,-/ = 



d 2 R 3 i 
dx l dx k 



R 



™i dx i l kj 
16 



d 

r _r m 

H]m dx* kl ' 



we have 

3 3 3 3 

h = ViVkRji + Rrra-Q-rTZj + R jm -^T kl - ViViR kj - R km -g-T"] - i?„ y — r[£ 

3 3 3 3 

- VjVkRil - Rmi-^jT ki ~ Rim d^J T kl + ^J^lRki + Rkm ^J T Tt + Rmi g^j I 



= VjVft-Rj; — ViViRjk — VjVkRa + V 'jViRik — R k mR"ji + RmiRTjk 

= ARijki + 2(Bijki — Biji k — B U j k + B ik ji) — g pq {R P j k iR q i + Ri pk iR q j + Rij P iR qk + Rij kp R q i), 
where B ljki = g pr g qs R piq jR rks i- 
Now we compute I2 ■ 
It is easily verified that 

d 2 d m 3 m 

V i V k (H jpq H l ) = dxl Q xk ( H jpq H i )-H mpq H l —r^j-HjpqH^—r^. 

As a result, we obtain 

h = V l V l (H kpq H/ q ) + H mpq H pq ^-T\l + Hkpq H r ^^-TT 3 - V^ k {H im H pq ) 

TT TT Pq -nril tt TT pq a rm -r-7 yy I tt TT V1\ TT tt Pq T-m 

- Umpq-tli ~Q~i l kj ~ n 3Pq n m a" 1 M V j V l(H kpq Il i ) — tl rnpq n i ~q~[ 1 Ik 

3 3 3 

TT TT Pq F m 1 U V7 I TT TT P9\ I TT TT PI F m _i_ TT TT Pq r m 

- n kpq n m -Q—L u +\f.jV k \ K n ipq n l ) -\- n mpq ir l ——Y ki -^n lpq ti m ~q~[ 1 ki 
= ViVi(-fffc M -ff/ 9 ) - ViV fe (F jpg ^ M ) - VjViiH^H^) + VjVkiH^H™) 

1 it TT PI B m _i_ TJ TT PI R m 

~r Tl kpq n rn IXijl T TlmpqTl^ T\ji k 

= V l Vi{H kpq H j pq ) - ViV fc (F iM ff, M ) - ViViiH^H^) + VjVkiHipqli™) 
+ g mn (H kpq H r pq Rij n i + H. mpq H. pq Rijkn) ■ 
Now it remains to compute the last term. The following identity 

V^k(F/F lp ) = J^- k{F p F lp ) - F r p F lp ^ - F/F mp Ar- 

yields 

h = VNi(F k p F jp ) + F„ P F JP ^-T^ + F k p F mp ^-T% - V<V*(F/*i p ) 

3d 

- F ™ Fipjr-^k] - F j P ^pjr-^l] ~ VjVi(F fc Fi P ) - F r p F zp -—T^ 



> — i , k3 -, J , mP g-, kl - y jVtK , k , lp ,-, m , lp ^- 
- F * F ™V^™ + V,-V fe (F/F ip ) + F„ p F lp A r ™ + F t p F mp ^- 
ViVi{F k p F jp ) - V,V k {F p F lp ) - VjVi(F k p F ip ) + V 3 V k (F t p F lp ) 
+ n mn (F p F R ,-t-F p F, R , \ 
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Combining the above discussions, we complete the proof of the theorem. □ 

Theorem 5.2 The Ricci curvature satisfies the following evolution equation 

d 
— Rik = Ai?jfe + 2g pr g qs R piq kRrs — < 2-g pq R P iR q k 

+ ^g jl [V t Vi(H kpq H/ q ) - V<V*(fr ipB .H, M ) - V i Vj(irfcM-ff i M ) + VjVkiH^H™)] 
+ \g mn (H km H^R m - g jl H mpq H l pq R ij kn) 

+ g^ l [V l V l {F k p F ]P ) - V«V fc (F/Ji p ) _ Vj V,(F fe p F P ) + V.-V^i^,)] 
+ g^iF^F^Rin - g 3l F^F lp R t]kn ). 
Proof. By Theorem 5.1, we can compute 

—R lk = g-^jkig 31 + Rijklg- t 9 jl = Q- t fti3kl9 jl - 9 3P 9 lq Rvkig- t g Pq 

= g J [ARijki + 2(Bijki — Bijik — Bujk + Bikji) — g pq {R P jkiR q i + Ri P kiR q j + Rij P iR q k 



+ Rijk P R q i)\ + ^g Jp g q RijkiR Pq 

+ ^g 3l [y i Vi(H kpq H/ q ) - ViV k {H jm H™) - VjV^HkpqH™) + V 3 V k {H ipq H pq )] 

+ tS" 7 9 rnn {Hk pq H r ^ q R i j n i + H mpq H l 1 "' ' Rijkn) 7rRijkig 3P g q H pmn H q mn 

+ 9 il \y i Vi(F k p F jp ) - V l V k (F J p F lp ) - VjV^F^F^ + VjWkiF^Ftp)] 
+ g mn (F k p F mp R m + g^F^F lp R ijkn ) - 2e F R llk ig Jp g lq F p m F qm 
= ARik + 2g pT g qs R piqk R rs - 2g pq R pl R qk 
+ ^ l [V l Vi(H kpq H/ q ) - V^kiH^H™) - VjViiH^HF) + VjVkiH^H™)] 

j n rnnf tt tt pq p _ n jl tt tt PQ p \ 

~r a hi \ rL kpq £:L rn Ix in fJ jri rapq rL \ JX ijhn) 

+ gi l [V l V l {F k p F„) - V t V k {F p F lp ) - V 3 V ^ F. lp ) + V,V fe (F/F /p )] 
+ g mn (F k p F mp R m ~ g> 1 F,VF lp R l3kn ) . □ 

Theorem 5.3 The scalar curvature satisfies the following evolution equation 

j t R = AR + 2\Rtc\ 2 + ^g jl g ik [V i V l (H kpq H j M ) - VtfkiH^H™)] 

+ 2gi l g ik [V i Vi(F k p F jp ) - V^ k {F } p F lp j\ - g* p R lk {Ui pmn H kmn + 2F pm F km \ . 
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Proof. By a direct calculation, we have 

Wt R = §l R ^ k + R 4/ k = §i R ^ k " s^V-l*, 

= g ik (AR, k + 2g*> r g« s R pigk R ra - 2g*R pi R qk ) + 2g i *'g k «R ik R pq 
+ ^g jl g ik [VNi(H kpq H/ q ) - V<V fc (fT iM fl, M ) - V.V^H^H^) + V,V fc (# w i^)] 
+ \g lk g mn (H kpq H™R m - g jl H^H™ Ri jkn ) - ^g l Pg k "R lk H pmn H q mn 
+ g ik g> l [V t Vi(F k p F w ) - ViV k (F/F lp ) - V,-V;(F/F ip ) + V, V k (F/F lp )} 
+ g lk g mn (F k p F mp R m - gi l F„?F lp R ljkn ) - 2g<* 'g kq R lk F p m F qm 

= AR + 2\Ric\ 2 + ^ l g ik [ViVi(H kpq H/ q ) - V^V^H^H™)] 

+ 2g*g ik [V i V l (F k *F j1 ,) - V^ k (F/F lp )} - g lp R lk (\n pmn R kmn + 2F pm F km ) . D 
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